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Abstract

Interactive data visualization is widely used by data scientists, but few websites exploring proba-
bility distributions use such techniques, and none that we are aware of illustrate the relationships
between distributions.

Probability Playground (http://www.probabilityplayground.com) was designed from the ground
up to be a highly interactive website with a design philosophy focusing on developing intuition
through discovery. It provides a consistent interface for exploring 29 probability distributions and
their relationships. Unique features include:

* Animated loading of examples.

 Direct interactive editing of distribution means and variances
¢ Manual and automatic axis scaling

* Interactive graphing of distribution relationships

 Visualization of the processes generating each distribution

Over 150 proofs are also provided for distribution means, variances, and relationships. Stu-
dents and educators looking for interactive materials to use in their teaching will find Probability
Playground a novel contribution for both its scope and degree of interactivity. It provides a valuable
addition to the field of statistics and data science education.
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website, probability theory, probability distributions

1. Introduction

Probability Playground began as a personal project for the author while a student at the
University at Buffalo taking the MA program in Biostatistics. Classes introduced a range
of probability distributions, with exercises focused on the derivation and algebraic manipu-
lation of formulas. However, the development of an intuitive visual understanding of these
distributions and their relationships was mostly absent. The relationship between the visual
appearance of a distribution and its parameters was never illustrated, nor was the manner
in which the graph of a pdf or pmf converged to a limit, nor were the underlying causal
mechanisms which generated the various distributions.

Although many websites exist for teaching probability theory and statistics, the ma-
jority of these are based on static text and graphics. The few that do take advantage of
interactive web technologies are often restricted in terms of their editing functionality, and
none that the author is aware of provide interactive capabilities for illustrating the relation-
ships between distributions.

The author, who has a background as both a software engineer and math educator, was
ideally placed to address this gap. Over the course of several years Probability Playground
evolved into a robust and extensive resource for visually illustrating probability distribu-
tions and their relationships. The website has been tested to be compatible with all major
operating systems, web browsers, and devices, providing an “off-the-shelf” solution for
educators looking to incorporate interactive and exploratory learning into their classrooms.
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2. Design Philosophy

Probability Playground was created from the ground up to be a highly interactive website
with a design philosophy focusing on developing intuition through exploration and discov-
ery. The website was developed with the following five core design principles in mind.

2.1 Everything on One Page

An additional burden is placed on the user whenever they are required to navigate between
screens or to scroll to find relevant information. Visual similarities and differences between
graphs are also lost if they cannot be seen together on one page.

The decision was therefore made early on that the web pages for each distribution
should fit on a single page. This had the additional benefit of requiring a minimal design,
with priority given regarding which information was to be displayed, the placement of page
elements, and their spatial relationship to each other.

2.2 Interactive and Dynamic

A fundamental principle of interactive design is that there should be an instant reaction to
every user action. In the context of Probability Playground, this requires that whenever
any variable is changed, the change is immediately propagated to all dependent variables,
graphs, and animations. The information displayed on the website at any instant is there-
fore always internally consistent. The D3 JavaScript library commonly used for producing
dynamic, interactive data visualizations gives the website a responsive feel as the visual
information displayed smoothly transitions between states in response to user input.

2.3 An Intuitive Interface

Probability Playground provides multiple editing options using common interface elements
such as pulldown menus, buttons, text boxes and sliders. The Bootstrap framework that is
popular in many commercial websites was used to provide a consistent look-and-feel that
web users are already familiar with, as well as a responsive user interface that works across
multiple devices.

2.4 [Ease of Navigation

Options for navigation should be immediately available, and should be accessible using as
few user actions as possible. For example, if the user has a choice between a small number
of options, a group of buttons displaying the options is used instead of a pulldown menu.
The available options are then immediately visible, and each option can be selected with a
single user action.

Accessibility for users who have trouble using a mouse (or do not have access to one)
was also a priority. Keyboard control is therefore available for all editing and navigation
functions. This is also often useful for all users, as it can provide a finer degree of control
than using a mouse alone.

2.5 A Single Unified Framework

The final principle is that there should be a single unified framework that encompasses all
univariate probability distributions. This has implications for usability, maintainability, and
extensibility. From the perspective of a user, a single framework means that there is a con-
sistent set of editing and navigation interactions that is the same for all distributions. As



the developer of the website, creating a general framework that encompasses all distribu-
tions simplified code development and allowed the functionality developed for one specific
distribution to be immediately generalized to all. Although this required more analysis
upfront, the benefits downstream as distributions were added more than outweighed the
additional initial work involved.

3. The Map Page

The map serves as the landing page for the website, a visual overview of the relationships
between distributions, and a way to navigate between them. This page is shown in figure 1
below.
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Figure 1: The Map page. Nodes represent distributions, while edges represent relation-
ships. Distributions and relationships can be loaded by selecting them on this page.

Distributions are represented as nodes and relationships as edges in a directed graph.
Relationships are classified into five types, with the edges color-coded by type. Edge labels
describe the relationship, such as the parameter(s) held constant for special cases, the func-
tion used in a transformation of variables, or the parameter limits for limiting distributions.
This is described in more detail in section 5 below.

Probability Playground has a responsive screen design that can accommodate all screen
sizes. For screen sizes less than 768 pixels wide such as many current mobile phones, the
map page is replaced by a vertical menu of distributions to select from.

4. The Distribution Page

The distribution page on a laptop or PC consists of three columns which respectively de-
scribe the distribution, graph the distribution, and graph a related distribution. In keeping
with the principles of responsive web design, these are rearranged into two columns on
a tablet, while on a phone screen these columns are rearranged sequentially into a single
column. The same screen layouts are used throughout the website, resulting in a consistent
interface and set of interactions across all univariate probability distributions.

The description given here relates to a screen with a width of 1200 pixels or greater.
This page is shown in figure 2 below, using the beta distribution as an example.



Probability Playground: The Beta Distribution Map About Help
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Figure 2: The distribution page for the beta distribution. This page provides a wide range
of interactive editing capabilities, including text input for parameters, slider control over
parameters, and direct editing of distribution means and variances.

In the left-hand column is a description of the distribution, its parameters, pdf/pmf,
mean, variance, and some examples. The parameters for an example can be loaded by
selecting the example, resulting in an animated update of the graph and the related graph.
Proofs for the mean and variance can be viewed by selecting their formulas on the screen.
This is described in more detail in section 4.3 below.

In the center column is a graph of the distribution. The distribution parameters are
shown both as text above the graph, and through the position of the sliders to the right.
The box below the graph shows the mean plus and minus one standard deviation, while the
horizontal line through this box shows the interval containing the support of the distribution.
This box is not displayed if the mean or variance is undefined (as, for example, with the
Cauchy distribution).

Editing of distribution parameters can done in several ways. Parameters can be entered
in the text boxes above the graph, which provides precise control over the display. Pa-
rameters can also be edited by using the sliders to the right of the graph, resulting in an
interactive update of the graph as sliders are moved up or down. Finally, the mean and
variance of the graph can be directly edited by interacting with the graph. The mean can
be changed either by dragging directly on the graph, or by using the left/right arrow keys
on the keyboard while either the graph or the box below it is in focus. The variance can
be changed by either zooming directly on the graph, or by using the up/down arrow keys
on the keyboard while either the graph or the box below it is in focus. This is described in
more detail in subsection 4.1 below. Probability Playground therefore provides a rich set of
interaction capabilities to support the development of users’ intuition regarding the range
of shapes that a distribution may take.

In the right-hand column is a related distribution and its graph, with the parameters
of the distribution shown above. The relationship is described both as a formula above the
graph and as a text description below. A proof of the relationship can be viewed by selecting
the text description shown outlined in blue. The pull-down menu above the related graph
is used to see and select all related distributions.

In the example shown in figure 2 above it can be seen that if X has a beta(a, 3) dis-
tribution, then Y = 1 — X has a beta($3, ) distribution. The parameters of the related



distribution Y are calculated from those of X, and are updated dynamically as the parame-
ters of X change. If further parameters are needed to specify the related distribution (such
as sample size when Y represents a statistic of a sample drawn from X)), these additional
parameters are shown and edited using sliders to the right of the related graph.

4.1 Mean-Variance Editing

For many distributions the mean and variance are controlled by separate parameters. These
include location-scale families such as the Cauchy, Laplace, logistic, normal, and uniform
distributions. In these cases, controlling the mean and variance of the distribution is done
simply by changing the single relevant parameter.

When the mean and/or variance are determined by more than one parameter, there is
still educational value in being able to hold the mean constant while changing the variance,
and vice-versa. An example is where the beta(a, 3) distribution converges to the normal
as « and S approach infinity. This could be illustrated by separately increasing « and 3
in turn. However, since the mean of the beta depends on both parameters « and S, this
results in the mean repeatedly shifting back and forth across the x-axis as this is done. A
more elegant illustration involves holding the mean constant while reducing the variance
by increasing both e and 3 together at the same time. This is illustrated in figure 3 below.
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Figure 3: Illustration of the convergence of the beta(a, 3) to the normal distribution as «
and [ increase while holding the mean constant.



Accomplishing this involves changing the variance of the beta and solving for param-
eters « and /3 through an inverse transformation while keeping the mean constant. Since
the mean of the beta is given by the formula o/(a 4+ ), the mean can be held constant
by keeping the ratio v/ constant. Solving for o and §3 is then performed by substituting
into the formula for the variance, while ensuring that neither « nor 3 exceed the range of
supported parameter values.

Means and variances can be changed directly by interacting with the graph of the dis-
tribution. The mean is changed by dragging the graph left or right, and the variance by
zooming in and out. On a keyboard this is accomplished using the left/right or up/down
arrow keys respectively. To support increased usability, means and variances can also be
changed by interacting with the mean-variance box below the graph.

Such interactive functionality is available in Probability Playground for the beta, beta-
binomial, gamma, Gumbel, lognormal, Pareto, and Weibull distributions, all of which have
mean and/or variance formulas that depend on more than one parameter. The same editing
actions also works for all distributions where the mean and variance can each be mapped
back to a single parameter, such as location-scale families. Hence, Probability Playground
provides the same interactive editing capabilities for a wide range of distributions within a
single framework.

4.2 Automatic Axis Scaling

A significant amount of analysis has been performed with regard to automatic axis scal-
ing. Given that the support of many distributions covers an infinite range, displaying the
full graph of the distribution is not possible in these cases. Automatic axis scaling in-
volves choosing which range of values to display without input from the user. In line with
the design principles of maximizing interactivity and usability, we would like to provide
a “reasonable” display of any probability mass or density function over the range of sup-
ported parameters. Although there are several websites which display these functions for a
variety of distributions, we believe that our treatment of automatic axis scaling is the most
sophisticated to date, allowing the smooth automatic updating of graphs while users are
interacting with the website.

The intervals to display are defined as functions of the distribution parameters. For the
x-axis this interval is given by (Xin, Xmax) and for the y-axis by the interval (Yiin, Yiax)-
To provide visually intuitive and appealing graphing, the functions defining the displayed
x- and y-intervals need to satisfy the following four constraints.

1. Nearly all of the probability mass should always be visible on the graph. The graph
should not appear to be truncated on the left or right, and the value of the pdf/pmf
at the limits of the x-axis relative to the maximum pdf/pmf value should be close to
Zero.

2. The graph of each distribution should be clearly visible across the whole range of
parameters. For example, the distribution should never appear to be so horizontally
compressed that the distribution shape is difficult to see.

3. X-axis limits need to be consistent across related distributions. For example, since
the geometric(p) is a special case of the negative binomial(r, p) (setting r = 1), then
the interval used to display the geometric needs to be identical to that for the negative
binomial when r equals 1.

4. The relative position of the distribution mean p on the x-axis should be an increasing
function of y.



This last constraint relates to the previous section 4.1 on mean-variance editing. Prob-
ability Playground provides the ability to “drag” the probability mass up and down the
x-axis by interacting directly with the graph. This is interpreted as changing the location
of the mean p of the distribution relative to the displayed interval of x values. For this to
function correctly, increasing p should always result in the relative location of the mean on
the x-axis also increasing (and vice-versa).

This relative location is defined as the position of y relative to the displayed interval

(Xmina Xmax):

H— Xmin
- _mim 1
firel Xmax - Xmin ( )
Stated formally, for p,.¢; to be a strictly increasing function of ;, we must have:
d
Horel >0 (2)
dp

The definition of X,,;, and Xy, that satisfies these constraints is dependent on the
specifics of the distribution. However, as we show in the following sections, distributions
can be categorized into four main classes such that the form of the functions defining X i,
and X .« 1s similar for distributions in the same class.

Automatic scaling of the y-axis presents a much simpler problem. To maximize the
area of the graph covered by a probability distribution, the maximum value Yy, of the y-
axis is usually set to be 1.1 times the greatest value of the pdf/pmf over the range of values
displayed. Y, is naturally set to zero in all circumstances, since the value of a pdf/pmf is
bounded below by zero. When displaying the cdf (which has a maximum value of 1 for all
distributions), Y,ax is usually set directly to the value 1.1.

4.2.1 Bounded Distributions

For bounded distributions i.e. those for which the support lies in a finite interval, a natural

range of x values to display is the support itself. Such distributions include the Bernoulli,

beta, beta-binomial, binomial, discrete uniform, hypergeometric, and uniform distributions.
For the cases where X i, and X, are constant, we can see from equation (1) that:

diirel . i p — Xrmin . 1
dp dp Xmax — Xmin Xmax — Xmin
where the inequality follows since X .x > Xy in all circumstances, and hence
Xmax — Xmin > 0. The constraint that yu,..; is an increasing function of p is therefore
satisfied, so dragging the mean up or down the x-axis works as required.

Mean editing is dealt with in an intuitive fashion for cases such as the binomial(n, p)
distribution that involve counting the numbers of successes. Although the mean np depends
on both n and p, the choice is made to only change p when the mean is edited, and to keep
n constant.

A slight adjustment is made for the hypergeometric(/N, M, K) distribution, where K
elements are selected from a population of size /N containing M elements have some given
property. Although K elements are selected, the support of the random variable X repre-
senting the number of items selected having the given property may not fully span the set
{0,1,..., K'}. However, displaying this full interval was found to be more visually intu-
itive and enables the restriction of the support to a subinterval of (0, K) to be clearly seen
through the horizontal line under the graph as shown in figure 4 below.
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Probability Playground: The Hypergeometric Distribution Map About Help
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Figure 4: The distribution page for the hypergeometric distribution. The displayed x inter-
val is set to (0, K'). The horizontal line below the graph in the center column shows that
the support of the distribution is restricted in this case to a subinterval of (0, K).

4.2.2  Partially Bounded Distributions

A second class of distributions contains those that are bounded below but not above. Such
distributions include the chi-squared, exponential, F, Fréchet, gamma, geometric, lognor-
mal, negative binomial, Pareto, Poisson, and Weibull.

The support of the majority of these distributions is bounded below by zero. The ex-
ceptions are the Pareto (bounded below by x,,), the geometric (bounded below by 1), and
the negative binomial (bounded below by r). However, for simplicity and to clearly show
the lower limit of the support, we set X i, to be zero in all cases. This simplifies equation
(1) to:

I
Xmax (4)

For the upper limit X .y, we require a function that satisfies inequality (2) i.e. the
relative location p,.¢; should be a strictly increasing function of the population mean p. A
simple solution is to consider f,..; as a power of u:

Hrel =

Hrel = AUB )

where A and B are both constants with A > 0. To satisfy inequality (2), we must
therefore have:

d d
Hrel _ @ 4B — ABuB=1 > 0 6)

du du
Note that, since these distributions are bounded below by zero, we must have p > 0,
and hence B > 0 for inequality (2) to be satisfied. Substituting equation (6) into equation

(4) and rearranging yields:

1-B
N = H [

Hrel B AMB B A
The power B can take a range of possible values. At one extreme, with B = 1, then
Xmax has the constant value 1/A independent of . While this both satisfies inequality

(N



(2) and is simple to understand, it was found to be unsatisfactory in practice for many
distributions since it overly restricts the range of parameters that can be graphed while still
satisfying constraints (1) and (2). At the other extreme, with B =0, the relative location i,¢;
is directly proportional to p, with the result that the distribution mean is always displayed
at the same relative location on the x-axis. Direct editing of the mean by dragging on the
graph is then not possible, so this option is ruled invalid.

A better option is to choose the power B such that 0 < B < 1. Experimentation
showed that the value B = 0.3 provided visually pleasing results, displaying distribution
pdf/pmfs well across a wide range of parameters. The constant A is then chosen to be as
small as possible while still satisfying constraint (1), such that nearly all of the probability
mass is still visible even when p has its largest possible value within the supported range
of parameters.

This functional form for X, was found to work well for nearly all distributions for
which the mean p is always defined, and is used for the chi-squared, exponential, gamma,
geometric, negative binomial, and Weibull distributions.

Automatic X-axis scaling proved more difficult to generalize for heavy-tailed distri-
butions such as the Fréchet, lognormal, and Pareto. In each case the formula for X, ,x
was customized to the specifics of the distribution, while still satisfying the constraints de-
scribed earlier in this section. For example, the formula for X« used for the lognormal
is given by 8¢"%%, where 1 is the mean of the related normal distribution. Although the
formulas developed for Xy, for such distributions work adequately, there is still scope for
some further optimization and generalization.

4.2.3 Unbounded Distributions

A third class of distributions contains those that are bounded neither above nor below.
These include the Cauchy, Gumbel, Laplace, logistic, normal, and T distributions. The
ability to independently edit the mean and variance of these distributions places additional
constraints on Xp,i, and Xnax. Specifically:

1. Changing the mean p while holding the variance constant should not change the
length X.4;,4c of the displayed x-axis interval.

2. The ratio of the standard deviation o to X454 should be a strictly increasing func-
tion of o.

These constraints are necessary to ensure that mean and variance editing work in an
intuitive way. The first constraint ensures that dragging the probability mass on the graph
only changes the relative location of the mean without changing the shape of the graph.
The second constraint ensures that increasing the variance results in a perceived increase in
the variance on the graph (and similarly when the variance is decreased).

A set of functions which satisfy these constraints is as follows.

Xrange = C\/E (8)
Xmin = H(l —kx* Xrange) - AXVTamge/2 (9)
Xmax = Xmin + Xrange (10)

where c and k are constants specific to the distribution. It can be seen that:

* Xyange 18 independent of x. Hence, constraint (1) above is satisfied.



* The ratio of the standard deviation o to X, 4nge is given by o /(cy/o) = /o /c, which
is a strictly increasing function of o. Hence, constraint (2) above is also satisfied.

* When p = 0, the interval (Xyin, Xmax) IS given by (—c¢\/0 /2, ¢4/ /2). This is sym-
metric about the origin as would be intuitively expected.

One further constraint that needs to be satisfied is that the relative location p,..; of the
mean g on the x-axis is a strictly increasing function of y. From equation (1) we have:

o — Xmin _ H— [:u'(l —k* X?"ange) - Xrange/z]
Xmax - Xmin Xrange

Hrel = = kM+1/2 (11)

Hence, . is a strictly increasing function of y as required.

The constants ¢ and k are chosen to satisfy constraints (1) and (2) given at the start
of section 4.2. Constant k controls the relative position of the mean on the x-axis, and
constant ¢ controls the scaling of the standard deviation relative to the length X4y, 4c. These
constants are both maximized while still ensuring that the graph of the pdf does not appear
truncated either to the left or to the right over the entire range of supported parameter
values.

4.2.4 Standard Distributions

Finally, Probability Playground includes five standard distributions - the standard Cauchy,
logistic, normal, Pareto, and uniform. Since the parameters of these distributions are fixed,
they are not editable, and the graphs of their pdfs are always displayed within constant
x-axis limits.

To ensure consistency across the website, these constant x-axis limits are chosen to be
equal to the limits that would be calculated by the x-axis automatic scaling functions for
the standardized version of the distribution. For example, the graph of a standard normal
distribution will be displayed with the same x-axis limits as a normal distribution with
parameters ;=0 and 02 = 1.

4.2.5 Manual Fixing of Axis Limits

Probability Playground also supports the ability to manually fix the axis limits at constant
values. This can be done independently for the x- and y-axes for both the main and related
graphs, and is accomplished by selecting the “Fix x-axis” and “Fix y-axis” buttons below
the graph. The axes limits are then fixed at their current values until the “Auto x-axis” and
“Auto y-axis” buttons are selected, at which point automatic axis scaling resumes.

4.3 Proofs

Courses in probability theory and statistics frequently include proving some of the main re-
sults relating to each probability distribution. Mathematical rigor is provided on the website
through the inclusion of over 150 proofs of distribution means, variances, and the relations
between distributions. In line with the principle of ease of navigation, such proofs are ac-
cessed simply by selecting the formula of interest. A modal dialog box showing the proof
is then displayed as an overlay, with the result to be proved still visible on the web page
beneath as shown in figure 5 below.



Proof: Mean of the Beta Distribution
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Figure 5: Proof of the mean of the beta distribution. Over 150 proofs are provided for
distribution means, variances, and the relationships between distributions. The proof of a
formula is accessed directly by selecting the formula.

4.4 Accessibility

Keyboard control is a key principle in web accessibility. Users with motor disabilities or
hand tremors may not have the fine motor control needed to use a mouse, and are therefore
reliant on a keyboard. Users without disabilities may also find using a keyboard easier or
more efficient in some circumstances.

To accommodate such users, all interactions with Probability Playground can be per-
formed using either a mouse or a keyboard. Parameters can be changed using up and down
arrow keys, or can be entered as text via a keyboard. Distribution means and variances can
be modified using the left/right or up/down arrow keys respectively. Navigation between
controls can be performed using the TAB key, with controls ordered left to right then top to
bottom within columns for ease of navigation. Probability Playground has therefore been
designed from the beginning to be fully accessible to users in need of such support.

Accessibility concerns for users with visual impairments have also been addressed. The
color scheme used has been tested against different types of color blindness to ensure suf-
ficient visual contrast for all such users, and text descriptions are provided for all controls.

5. Related Distributions

Probability Playground is unique for its interactive graphing of a wide selection of related
distributions. Whenever a distribution Y is related to a distribution X, the graph of Y is
immediately updated to reflect any changes to the graph of X. Although some websites do
display such graphs for specific relationships, Probability Playground is the first to include
this for all such relationships as a standard part of its functionality.

Graphing such relationships is intended to aid students in developing their intuition.
For example, many distributions converge to a normal distribution as certain parameters
approach infinity (such as the beta, binomial, gamma, negative binomial, and Poisson).
The beta-binomial and hypergeometric converge to the binomial, which itself converges to
the Poisson under certain circumstances. By plotting both a distribution X and its limit
Y on the same graph, students are able to see this convergence occurring as the relevant



parameters change in addition to understanding the relevant algebraic manipulations.
Probability Playground classifies the relationships between a random variable X and a
related random variable Y using the five following categories.

Special Cases These indicate that the distribution of Y has been obtained by setting one
or more of the parameters of X to constant values. Examples include setting the
parameter 7 of the Negative Binomial(r, p) distribution equal to 1, which yields a
Geometric(p) distribution.

Transformations A transformation indicates that Y = f(X), where f is some function.
Thus, for any set A,
PYeA)=P(f(X)e A

Limiting Cases A limiting distribution can be expressed as

Y= lim X
Px —P
where px = {p1,p2, ...} are parameters of X and the vector P defines the limiting
values they each approach. Examples include the convergence of the binomial(n, p)
distribution to the Poisson(\) distribution as n — oo and np stays small, where the
parameter A of the Poisson is defined by np.

Statistics A statistic is any quantity computed from values in a sample. This can be ex-
pressed as
Y = f(X)

where X = X1, Xo,..., X, is an independent and identically distributed sample of
size n drawn from the distribution of X. Distributions based on statistics include
those obtained as the minimum, maximum, or sum of an iid sample, as well as the
chi-squared, F, and T distributions derived from a normal sample.

Statistic Limit A statistic limit is a limiting distribution of a statistic. Examples in Proba-
bility Playground usually relate to extreme value distributions, such as when a suit-
able standardized maximum of an iid sample drawn from an exponential distribution
converges to a Gumbel distribution as the sample size approaches infinity.

Each of these different types of relationship is considered as belonging to a single
general form as illustrated in figure 6 below.

Additional parameters p,

X(px) - Y(py)

Figure 6: General form of the relationship between distributions. The vector px contains
the parameters of X, py is a vector of the parameters of Y, and p, is a vector of any
additional parameters needed to define the distribution of Y.

The relationship between distributions X and Y is hence defined by the relationship
between the parameters px, pPq, and py through the multivariable function g:



py = 9(Px,Pa) (12)

By defining the relationship between distributions in such a general manner, Probability
Playground is able to graph any kind of relationship within a single unified framework.
Note that the parameter vector py does not necessarily depend on all the parameters p x.
For example, when Y is a special case of X, one or more of the parameters of X are either
set to a constant value or are dropped entirely.

6. Animations of Generating Processes

To help students visualize the causal mechanism which generates each distribution, Prob-
ability Playground includes an animated simulation for each process. This is illustrated in
figure 7 below for the binomial distribution, where a set of Bernoulli trials are run and the
random variable X is the total number of successes.

Probability Playground: The Binomial Distribution Map About Help
Binomial(n, p) Distribution ~ pmf cdf Visualize Simulate Special case: Bernoulli(p) ~

The binomial distribution arises when n independent Bernoull trals are conducted S . .

X ~ Binomial(n, Y = Binomial(1 ~ Bernoulli
each with the same probability of success p. The number of successes is a binomial(n, (0, p) (1, p) (P)
p) random variable. n=14  p= 05000 p = 05000

[

Parameter Range Description
n n=1.2. Number of trials Uis uniformly random over [0, )

ol b
X=0ifU<1-pX >
Simulate: U= 068X = 1

p 0<pst Probability of success

Probability Mass Function Support |
P(X=xjn, p) = (;‘) PP x=01,..,n
Mean Variance
p np(1 - p)
Example np : v

Mt ssided i rown 3Lt X b the umber f s R E—

thrown. E(X) = 7.000, Var(X) = 3.500 E(Y) = 0.5000, Var(Y) = 0.2500

T robabili regnancy in the will result in rl is %.
family has 7 children. Let X be the number of girls.

For a particular student, each of the 58 questions on the math SAT has an Note that, since a Bemoulk random variable equals 1 for a success and O for a failure, ~ 1° Fe250n is that, “‘/“"":H‘ the b“"°h‘"'a‘ d“:‘*’"““”“"“”“‘b“f number of ‘
80% chance of being answered correctly. Let X be the number of correct 58 08000 then a binomial random variable is the sum of n independent Bernoull random su:;esse‘w‘awgeﬁemcu i(p)tral. This is either 1, with probability p or 0, with
probability 1 - p.

answers. variables. The mean and variance are therefore n times the mean and variance of a

Bernoulli random variable (which are p and p(1 - p)).
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Figure 7: Generating process for the binomial distribution shown in the center column.
Successful Bernoulli trials are shown in green and failures in gray. The simulation is con-
trolled through a set of video-style controls. A histogram below the simulation accumulates
the results.

Video-style controls allow the simulation to be stopped, run, reset, or stepped through
one simulation update at a time. A histogram below the simulation accumulates the results,
which shows how the shape of the distribution is generated. In keeping with the principle
of full interactivity, the parameters of the distribution can be changed or examples loaded
while the simulation is running. This resets the histogram and continues the simulation
with the new set of parameters.

The visual metaphors used for each distribution are chosen to be consistent across the
website. For example, the same visual representation of a Bernoulli trial success or failure
shown in figure 7 above is used for all distributions based on the Bernoulli such as the
binomial, geometric, and negative binomial distributions. Similarly, distributions based on
a Poisson process such as the Poisson, exponential, and gamma all use the same visual
representation of events occurring randomly and independently in time.



7. Conclusion

As an educational tool to develop students’ visual intuition regarding probability distribu-
tions and their relationships, Probability Playground is unique for its scope, functionality,
and degree of interactivity. It provides a single unified framework for exploring a wide
range of univariate distributions that are commonly encountered by students of probability
theory and statistics. Interactive editing of distribution parameters, means, and variances
using either a mouse, touchscreen, or keyboard allows students to easily visualize the vari-
ous forms that distributions can take, while animated simulations of the causal mechanisms
generating each distribution help to develop their understanding of the real world situa-
tions in which they arise. Relationships between distributions are illustrated both through
a directed graph on a navigation page, and by the interactive graphing of related distribu-
tions, allowing convergence to limiting distributions to be seen. Over 150 easily accessible
proofs for the formulas of means, variances, and relationships provide additional mathemat-
ical rigor. Probability Playground therefore offers an “off-the-shelf” solution for educators
looking to incorporate interactive and exploratory learning into their classrooms.
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